Trigonometry (Chapter 6) - Sample Test #2

First, a couple of things to help out:

['L 0]

180° =mrad

(0,1)

n
30°= — rad
6

(1,0)

Page 1 of 16

Trig Functions of Special Angles (8)
Haikia s Degrees sin® ceu tai @ Signs of Trig Functions
by Quadrant
o Ja )
0 VO _ Ve _ R 0 . .
0 0 ?‘0 3‘1 /2 sin + sin +
= — =7 cos - cos +
e G Vi o1 V3 v1_+v3 tan - tan +
/6 30 ? = E 2 y 3 3
T \E 2z 2 B .
/4 459 = = 5= 1 sin - sin -
e cos - cos +
= 0 V3 vi_1 v3 = tan + tan -
/3 o0 2 2 Z a y
r Vo
"/2 90° \T =1 — =0 undefined




Trigonometry (Chapter 6) — Sample Test #2

More Formulas (memorize these): A
Law of Sines:
a b c c b

sin4A sinB sinC

Law of Cosines: B C
a’? = b? 4+ ¢? — 2bc cosA a

b? = a? + ¢? — 2ac cosB

c? = a? + b? — 2ab cosC

Area of a Triangle:

1 1 1
A = —absinC = —=ac sinB = Ebc sin 4

1
A=\/s(s—a)(s—b)(s—c) s=5(a+b+c)

Find the area of the triangle having the given measurements. Round to the nearest square
unit.

1) C=120° a=4yards, b=5yards

Area = %ab sinC=%-4-5-sin120°=9yards2

2) A surveyor standing 51 meters from the base of a building measures the angle to the top

of the building and finds it to be 38°. The surveyor then measures the angle to the top of
the radio tower on the building and finds that it is 50°. How tall is the radio tower?

Y
tan 38° = —
an e
_ Radio
*= Tower y = 51 -tan 38° = 39.8456 meters
x+y
tan50° = ——
an £
y = Building x+y =>51-tan50° = 60.7794 meters

x = 60.7794 — 39.8456 ~ 20.93 meters

Surveyer 51 meters
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Trigonometry (Chapter 6) — Sample Test #2

Solve the triangle. Round lengths to the nearest tenth and angle measures to the nearest
degree.

When you are given the lengths of two sides and the measure of the angle between them:
e Use the Law of Cosines to determine the third side length,
e Use the Law of Sines to determine the measure of one of the two unknown angles, and

e Subtract the two known angle measures from 180° to get the measure of the last
unknown angle.
a? = b? + ¢? — 2bc cosA
b? = a? + ¢? — 2ac cosB Law of Cosines

c? = a? + b? — 2ab cosC

Note: in problems with a lot of calculations, it is a good idea to keep more accuracy than you
are required to provide in the final answer, and round your answer at the end. This avoids the
compounding of rounding errors throughout your calculations.

3)a=6,c=12,B=124°

b =62 + 122 — 2(6)(12)(cos 124°) ~ 16.14075 ~ 16.1

a b 6 16.14075

= = = = . —0. N LA = .
sinA  sinB sinA  sin124° sin4 = 0.3082 mzA = 18

m«C = 180° — 124° — 18° = 38°

Match the point in polar coordinates with either A, B, C, or D on the graph.

4) [‘4r‘i;_:'] Step 1:
A negative radius is confusing, let’s make it positive.
Sia Recall that changing sign of r requires you to either
1 add or subtract 7 radians (180°) from 6.
| T T T
| (-4-3)=(4-3+7)=(+3)
D C

LY
x

i o)

wT

5
Step 2:

4 At an angle of 6 = g, move a distance of 4.

Step 3: Answer: Point A
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Trigonometry (Chapter 6) — Sample Test #2

Use a polar coordinate system to plot the point with the given polar coordinates.

=3m
5) [4, T]

Step 1:
1 The angle (— %n) is at 225°.

T Step 2:

The radius (4) means we move in
the direction of the angle a distance
of 4.

Step 3:
Answer: Shown as a green point on

= the graph.

Alternatively, convert the polar coordinates (7, 8) to rectangular coordinates as follows:

3m

:41’ 9:
! 4

3 V2
x =1rcosf =4cos(—7n) =4-<—7) =-2V2 ~ —-28

3m V2
y =rsinf =4sin(—7) =4-<—7> =-2V2 ~ -28

So, the rectangular coordinates are: (—2.8,—2.8)

Polar coordinates of a point are given. Find the rectangular coordinates of the point. Give

exact answer. . .
Recall that we can change the sign of r, and either add or subtract

6) (-3, 270°) 180° from 6, and get a new representation for the same point!

First, note that (—3,270°) = (3,270° — 180°) = (3,90°) I
r=3, 08=90°
x=7rcosf =3cos(90°) =3:(0)=0

y =rsinf = 3sin(90°) =3-(1) =3 1::\900

So, the rectangular coordinates are: (0,3) 2
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Trigonometry (Chapter 6) — Sample Test #2

7) (3, -135°)
r=3, 6=-135°

2 3v2 X |
x=rcos€=3cos(—135°):3-(—7>:_T A T 1
T -135°
VZ\ 32 '\ /13 4
y =rsinf = 3sin(—135°) =3+ (—— | = ——— .
2 2
3V2 32
So, the rectangular coordinates are: | — T , — T
21
8) (5,5
r = 5, 6 = 2_77:
3
=7 cosf =5 (2”)—5( 1)— >
x =rcosf = 5cos 3) = 5) =3 ”
5
_ _9_5_(271)_5 V3\ 5vV3 y | 2n
y =7rsinf = 5sin 3) = > )= _\3
5 5v3 X
So, the rectangular coordinates are: | — 2 3

The rectangular coordinates of a point are given. Find polar coordinates of the point. Express
0 in radians.

9) (8,-8)

r= 8T ¥ (B = 8V2 N

-8 7T
0 =tan?! (?) =tan"1(—1) in Q4 = "

So, the polar coordinates are: (8\/5, %) i
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Trigonometry (Chapter 6) — Sample Test #2

10) (33, 3)

r=J(3v3) +32=6

D

Il

-t

job)

:I

[S=Y
/N
ﬂ‘ w
N——

Il

-

Q

SI

=
/-~

w|
N——

5

Q

[N

Il

o

So, the polar coordinates are: (6, —)

11) (0, —V7)

2

-7 3w
6 =tan~?! <T> = undefined at: 8 = —

So, the polar coordinates are: (\/7, 37) or (—\/7, —) _3__

r= /02+(—ﬁ)2=ﬁ | BC\

Convert the rectangular equation to a polar equation that expresses r in terms of 0.

12)y=1
Since y = r sin 8, we make that substitution and solve for r.

rsinfd =1

1
r=— or r =csco
sin @

13)x2 +y%2 =25
Substitute x = rcosf and y = rsin#.

(r cos 8)? + (rsin8)? = 25

r2(cos? 0 + sin? @) = 25 (recall that: cos? 8 + sin?8 = 1)
r?2 =25
r=>5 (note that we take the positive root of r only)
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Trigonometry (Chapter 6) — Sample Test #2

Convert the polar equation to a rectangular equation.

14)r=3

Substitute r = /x? + y?
Jx2+y?=3

x> +y2=9

15)r=6csc @
_ 6
~ sin®

rsinf =6
Substitute y = rsin @

y=26

The graph of a polar equation is given. Select the polar equation for the graph.

16)

Find the absolute value of the complex number.
17)z= -8+ 2i
r=.(-8)2+2%2 =468 =2V17
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The graph has a constant radius, no
matter what the value of the angle.
It is also obviously a circle of radius
2. The polar equation, then, is:

r=2
See how much simpler this is than
the rectangular equation:

x2+y2=4



Trigonometry (Chapter 6) — Sample Test #2

Write the complex number in polar form. Express the argument in radians.
18) z = —3+/3 — 3i

The process of putting a complex number in polar form is very similar to converting a set
of rectangular coordinates to polar coordinates. So, if this process seems familiar, that’s

because it is.
2 1
r=\/(—3\/§) +(-3)2=6 — 18
BB
9t_1<_3>t_1<@>'03 = s 21
= tan =tan | —| in = — T
~3v3 3 6 B Al
r
. Vi , . Tm\ - 7_1r T
So, the polar form is: 6(cos?+ Lsm?) = 6 cis "

. 7T

Note: 6 cis%ﬂ = 66(17) because e = cos@ + isin 6. However, the student may not

be required to know this at this point in the course.

19)z =3 —3i
r =32+ (=3)2 =32 a E
t I\“ ' t

-3 7
0 =tan~?! <?> =tan"1(—1) in Q4 = Tn

So, the polar formis: 3+/2 (cos%" + isin %T) =32 cis%”

. 7T
i-

Note: 32 cis%ﬂ =32 e( 4) because e = cos@ + isin 6. However, the student

may not be required to know this at this point in the course.

Write the complex number in rectangular form. Give exact answer.
20) z = —3(c0s 120° + i sin 120°)

z = —3cis 120° = 3 cis (120° + 180°) = 3 cis 300° 30(?-

We want this in the form a + bi 1 \ t— 1

| w
|
w
=3

a=rcosf =3c05300°=3'(%)

b=rsin9=35in300°=3-(—£):_ﬁ 1
2 2 o

3 . 3V3

So, the rectangular form is: E — i T
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Trigonometry (Chapter 6) — Sample Test #2

21) 9(cos + i sinm)

We want this in the form a + bi T

a=rcosf =9cosm=9-(—1) = -9 b=0_ 9 /_\
b=rsinf =9sint=9-(0)=0

€

So, the rectangular formis: —9

Find the product of the complex numbers. Leave answer in polar form.

22) z; = ﬁ(cos%ﬂ + isin%ﬂ) <—— shorthand is: z; = /3 cis (%”)

23)

2, =6 (cos Z + i sin ) < shorthand is: z, = V6 cis ()
To multiply two numbers in polar form, multiply the r-values and add the angles.

T 9w
VAR =\/§-\/€-cis(7+7)=3\/§cis(4n)=3\/§Ci$0

Note: multiplication may be easier to understand in exponential form, since exponents are
added when values with the same base are multiplied:

on
4

LI .9 (7T . .
\/§el-T ] \/Ee‘T _ \/g\/g _et(T+ ) — 3\/581(470 — 3\/561(0) — 3\/5

z; = 4i
! This problem is probably best approached by converting

Z, = —6+ 6i each number to polar form and then multiplying.

Relating to z;:
4 T
r=4024+(4)2=4 and 6O =tan! (6) = undefined at: 8 = >
. T, L T\ (T
So, the polar form is: 4 (cos; + isin 5) =4 cis (2)
Relating to z,:
6 3n
s=4J(-6)2+62=6V2 and ¢ =tan™? (—_6) =tan"1(-1) inQ2 = i
So, the polar form is: 6v2 (cos%ﬂ + isin 37”) = 6V2 cis (37”)

Then, multiply:
712, = (4cis E) : (6\/5 cis 3—") = 242 cis (E + 3—”) = 242 cis (5—”>
Loz 2 4) 2 4) 4
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Trigonometry (Chapter 6) — Sample Test #2

. .24 .
Find the quotient z_ of the complex numbers. Leave answer in polar form.
2

24) z; = ﬁ(cos%ﬂ + isin%")
Zy = \/g(cos%” + isin%”)
To divide two numbers in polar form, divide the r-values and subtract the angles.

4 4

=g ) =gy e (-5) = Fe (G an) - ()

Note: division may be easier to understand in exponential form, since exponents are

subtracted when values with the same base are divided:
7T
Uz (7T 9 . . (3
V3el -2 _V2 () V2 i(Faem) _V2 G

1
Gk V2 2 2 2

Use DeMoivre's Theorem to find the indicated power of the complex number. Write the
answer in rectangular form.

25) [3 (cos 15° + isin 15°)]*
To take a power of two numbers in polar form, take the power of the r-value and multiply
the angle by the exponent. (This is the essence of DeMoivre’s Theorem.)

[3 (cos 15° + isin 15°)]* = 3% cis(4 - 15°) = 81 cis(60°)
\/§> 81 81V3

s 1
= 81 (cos 60° + isin 60°) = 81 <E+ =3 +1i >

Note: Consider this in exponential form. Exponents are multiplied when a value with an
exponent is taken to a power:

(3 cis %)

26) (—V3 +0)°
\/ 5 B - V3\ 51
r=J(-V3) +(1)2=2 and 6=tan’? (—) = tan~! (——) inQ2 = -

4 T

— (361.,171_2)4 = 34e4'("'1n—z) =81 e(‘"?)

Then, (—V3 +1i)° = (2 cis 5?71)6 = 26 cis (6 %T)

= 64 cis 57 = 64 - (cos 57 + isin57) = —64
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Find all the complex roots. Write the answer in the indicated form.

27) The complex cube roots of 8 (rectangular form).
We must use DeMoivre’s Theorem for roots to solve this problem.

Let z =r(cos @ + isinf). Then, z has n distinct complex n-th roots that occupy positions
equidistant from each other on a circle of radius /7. Let’s call the roots: zy, z,, ... , Zy,
Then, these roots can be calculated as follows:

z = Nr '[COS(%(ZH)) + iSin(%(zﬂ)]

Given this, let’s find the cube roots of 8.

First, since z = a + bi, we have a =8 and b = 0.

Then, r =vV82+02=8; Yr=2

And, 6 = tan™?! (g) =0°; g = 0°

The incremental angle for successive roots is: 360° = 3 roots = 120°.

Then create a root development chart like this (answers are in green):

Cuberootsof8: 3r=38=2 6,=0° incremental @ = 120°
k Angle (6,,) Zy= N7 -cos@, + Vr -sin@-i
0 0° Zy = 2
1 0°+ 120° = 120° z = -1 + V3i
2 120° + 120° = 240° Z, = -1 — V3i

Notice that if we add another 120°, we get 360°, which is equivalent to our first angle,
0° because 360° — 360° = 0°. This is a good thing to check. The “next angle” will
always be equivalent to the first angle! If it isn’t, go back and check your work.

Roots fit on a circle: Notice that, since all of the roots of 8
have the same magnitude, and their angles that are 120°
apart from each other, that they occupy equidistant positions

on a circle with center (0, 0) and radius V8 = 2.

More information about using DeMoivre’s Theorem for Roots,
including a more complex example, can be found in the

Trigonometry Handbook on www.mathguy.com.
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Let v be the vector from initial point P, to terminal point P,. Write v in terms of i and j.

An alternative notation for a vector in the form ai + bj is (a, b). Using this alternative
notation makes many vector operations much easier to work with.

28) Py = (5,5); P, =(-1,5)

We can calculate v as the difference between the two given points.

(_1' 5) = PZ
- ( 5: 5) = Pl
v =(—6,0) So, intermsofiandj, v = —6i

Find the specified vector or scalar.

29) u =-2i-7j and v = -4i - 21j; Find ||v — u]|.

v = (—4,-21) Subtracting u is the same as adding —u.
+ —u=( 2, 7) \ To get —u, simply change the sign of each
v—u=(-2-14) element of u. If you find it easier to add
than to subtract, you may want to adopt
this approach to subtracting vectors.

v —ull =/(-2)% + (-14)2

=200 = V100 V2 = 10V2

30) u=-12i-2j,v=6i+7j; Findu - v.

To add or subtract vectors, simply
line them up vertically and perform
the required operation:

u=(-12,-2)
+ —v={(—-6-7)
u-v=(-12-6-2-7)

u—v=(—18-9) = —18i — 9j

Find the unit vector that has the same direction as the vector v.

A unit vector has magnitude 1. To get a unit vector in the same direction as the original
vector, divide the vector by its magnitude.

31) v = 3i - 4

e uri vector e, Y 3i —4j 3i-4j 3 4
e unit vector Is: - - - —-1— =
Ivll ~ /32+(—4)2 5 5'  5)
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Write the vector v in terms of i and j whose magnitude v and direction angle 0 are given. Give
exact answer.

32) ||v]| =7, 8 =225°

The unit vector in the direction 8 = 225° is:

VI EE

(cos 225°,sin 225°) = ( > T > >

Multiply this by ||v|]| = 7 to get v: o
1 Circle

2 2

v ( V2, \/§_>_ V2. T2,

Solve the problem.

33) The magnitude and direction of two forces acting on an object are 60 pounds, N40°E, and
70 pounds, N40°W, respectively. Find the magnitude, to the nearest hundredth of a pound, and
the direction angle, to the nearest tenth of a degree, of the resultant force.

This problem requires the addition of two vectors. The approach | prefer is:
1) Convert each vector into its i and j components, call them x and y,
2) Add the resulting x and y values for the two vectors, and
3) Convert the sum to its polar form.

Keep additional accuracy throughout and round at the end. This will prevent error
compounding and will preserve the required accuracy of your final solutions.
Step 1: Convert each vector into its i and j components
Let F; be a force of 60 Ibs. at bearing: N40°E N
From the diagram at right,
6 = 90° — 40° = 50°
x = 60 cos50° =38.5673
y = 60sin50° = 45.9627

Let F, be a force of 70 Ibs. at bearing: N40°W

From the diagram at right, N
@ =90° —40° = 50° 70
x = —70cos(50°) = — 44.9951 y
y = 70sin(50°) =53.6231

40°
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Step 2: Add the results for the two vectors

F; = ( 38.5673,45.9627) .
F, = (—44.9951,53.6231) g
F, +F, =( —6.4278,99.5858) i
99,5858
Step 3: Convert the sum to its polar form
0
Direction Angle = @ = tan™! (?Z’_iii) =93.7° [P

Magnitude = r = /(—6.4278)2 + 99.58582 = 99,79 Ibs.

34) One rope pulls a barge directly east with a force of 79 newtons, and another rope pulls the
barge directly north with a force of 87 newtons. Find the magnitude of the resultant force
acting on the barge.

The process of adding two vectors whose headings are north, east,

west or south (NEWS) is very similar to converting a set of

rectangular coordinates to polar coordinates. So, if this process y 87
seems familiar, that’s because it is. a

r =/(79)% + (87)2 = 117.52 newtons ”

This problem does not require it, but let’s calculate the direction angle anyway.

87
6 = tan~?! (ﬁ) = 47.8°

Use the given vectors to find the specified scalar.

35) u=-5i+ 3j, v=>5i-6j,w=-3i+ 12j; Findu-w+v - w.

The alternate notation for vectors comes in especially handy in doing these types of
problems. Also, note that: (u-w)+ (v:-w)=(u+v)-w. Let’s calculate (u+v) - w.

u= (-5 3) ™S

+ v={( 5—6) Using the distributive property for dot

products results in an easier problem
ut+v=( 0,-3)

- w = (-3, 12)
(u+v) - w=(0[-3)+(-3-12)=0-36=—-36

with fewer calculations.
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36) u=-4i+4j,v=-11i- 6j; Findu - v.
The alternate notation for vectors comes in especially handy in calculating a dot product.
u={(—4, 4)
v=(-11,-6)
(ua-v)y=((-4]-[-11D+ @& -[-6]) =44 —-24 =20

Find the angle between the given vectors. Round to the nearest tenth of a degree.

37)u=i-j,v=4i+5j u=(1,-1)
u-'v -v=(4, 5)
cosg =———
[all [[v]| u-v=_1-4)+(-1]-5 = -1

0°< 6 < 180° lull = 12+ (-1)? =2
vl = V42 + 52 = /41

u'v -1 -1

il vl vZ V4l vez

cosf =

6 = cos™! <_—) = 96.3°
V82

Use the dot product to determine whether the vectors are parallel, orthogonal, or neither.
If the vectors are parallel, one is a multiple of the other; also v - w = ||v|| ||lw]|.

If the vectors are perpendicular, their dot product is zero.

38) v = 3i + 4j, w = 6i + 8j To determine if two vectors are parallel using the
dot product, we check to see if:

v =(3,4)

v-w = |[v] [lwl]
w = (6, 8)
v =(3,4)
Clearly, w = 2v . w = (6,8)

Therefore, the vectors are parallel. v -w=18+4+32 =150

It is clearly easier to check whether one vl =v(3)*+(4)? =5
vector is a multiple of the other than to lw| = /(6)2 +(8)2 =10

use the dot product method. The

student may use either, unless vl iwll =5 -10 =50 = v - w

instructed to use a particular method.

Therefore, the vectors are parallel.
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39) v = 4i + 3j, w = 3i - 4

Calculate the dot product.
v=<(4 3)
- w = (3,—4)
v-w=((4-3)+@B[-4])=12+(-12)=0

Therefore, the vectors are orthogonal.
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